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section S1. Additional methods
In figs. S1 to S3, we show basic characterizations of our LaAlGe samples. Energy dispersive Xray spectroscopy measurements shown in fig. S1 provides a quantitative measure of the chemical composition of our LaAlGe. Through this data, we conclude (1) that our samples indeed consists of the three elements, La, Al, and Ge and (2) that the chemical composition is La:Al:Ge = 1:1:1.
The X-ray diffraction data shown in fig. S2 confirm the crystal structure reported by previous diffraction experiments (41) (42) (43) and determine the following lattice constants, = = 4.336 and = 14.828 , also consistent with data from the previous reports (41) (42) (43) . Finally, the lowenergy electron diffraction data (LEED) shown in fig. S3 shows a clear 4-fold symmetry, which shows that there is no surface reconstruction. In fact, quantitatively, a surface reconstruction (e.g.
2 × 1) would change the surface Brillouin zone size for the surface state. Here, we have measured the bulk band structure via soft-X-ray ARPES and the surface band structure via lowphoton-energy ARPES. The bulk band structure data match the bulk BZ size while the surface data also match the surface BZ size. Therefore, our ARPES measurements quantitatively exclude the possibility of a surface reconstruction. In fig. S4 , we further explain the distribution of Weyl nodes in LaAlGe. We see that (S4A) all the W1 and W3'(W3'') nodes are located at the = 0 plane whereas the W2 nodes are at finite values. Figure. S4B shows the =W2 plane only. There are 8 W2 Weyl nodes per =W2 plane and there are two such planes in the bulk BZ ( fig. S4A ). Hence there are 16 W2 Weyl nodes in total. Figure S4C 
section S2. Full characterization of the type II Weyl fermions in LaAlGe
Based on our data and calculations, we can fully characterize the Weyl fermions observed in LaAlGe. This can help us quantify the amount of Lorentz symmetry breaking, and deduce all the information about the Weyl Hamiltonian including the magnitude of the Berry curvature. In order to do so, we need to obtain the Fermi velocities of the two bands that form the Weyl cone along the following momentum space directions, (100), (010), (001), (110), (101), and (011). More importantly, the focus is to show the type-II character in LaAlGe. We emphasize that the distinction between type-I and type-II Weyl fermions solely lies in the bulk Weyl fermion cones.
The type-I/type-II character can only be determined by measuring the bulk Weyl cones. This is precisely what we did in this paper. We measured the bulk band structure and directly observed the heavily-tilted bulk Weyl fermion cones. The electronic dispersion of the bulk Weyl cone directly revealed the type-II character of the Weyl fermion cones in LaAlGe. Therefore, our paper presents the most decisive and relevant evidence, which unambiguously proves the type-II Weyl fermion state in LaAlGe. shows that the surface Fermi arc cannot distinguish between type-I and type-II. As we have emphasized above, the decisive evidence of the type-II character is the bulk Weyl fermion cone band structure. Therefore, it is not required (and often practically very hard) to show all of the other hallmarks of a Weyl node. In fact, none of the Weyl experimental papers have shown all hallmarks to prove the Weyl state. We take an analogy. The topological insulator state like Bi2Se3 has many hallmarks including the presence of an odd number of Dirac surface states, the gap opening at the Dirac point by breaking time-reversal symmetry, the topological magneto-electric effect. However, to prove the TI state, nobody has shown all these hall marks. In Bi2Se3, which is a topological insulator, the decisive evidence is single Dirac cone at . Since the type-II Weyl fermion node is a touching point in the 3D (bulk) Brillouin zone, it can only be shown by measuring the band structure along all three momentum space directions , and ). As emphasized in the main text ( fig. S6 ), probing the projected band structure without resolution cannot demonstrate the existence of a true bulk crossing point in the bulk band structure (a Weyl node).
fig. S5. A comparison between the Fermi arcs in type I and type II
In this section, we emphasize that this issue is particularly important in the case of the W1- 
section S5. Topological definition of Fermi arc surface states and its implications for surface states in LaAlGe and W1−xMoxTe2
Below, we will present the following aspects of the Fermi arcs.
(1) The topological definition of Fermi arcs.
(2) How to demonstrate the existence of Fermi arcs in a topological sense.
(3) Why in certain real materials the existence/observability of Fermi arcs becomes ill-defined and why this is the case in LaAlGe.
(4) Why it is less reliable to conclude the existence of Fermi arcs based on a qualitative agreement between calculated and measured surface band structure.
(5) A detailed analysis of the W1-xMoxTe2 ARPES papers: Why these papers do not experimentally demonstrate the type-II Weyl fermions.
( We take an intuitive example to explain definition II. As shown in fig. S8A , we have a pair of projected Weyl nodes and a Fermi arc connecting them. We draw a 1D closed loop as shown by the dotted circle. We will show the following:
The number of chiral edge modes along the loop = The number of surface Fermi arcs.
Here comes the proof:
We first prove:
the number of chiral edge modes → the number of surface Fermi arcs.
Assuming no knowledge on the existence of Fermi arcs, we only know that there is one chiral edge state along the closed loop as shown in fig. S8B . This band structure in fig. S8B is the same as the edge band structure of a quantum Hall system with a Chern number of +1. We know that this closed loop corresponds to the projection of a cylindrical pipe that crosses the bulk Brillouin zone along the direction ( fig. S8B ). Hence, we know that the Chern number of the bulk band structure on the cylindrical pipe is +1. Therefore, we know that the cylindrical pipe must encloses a Berry curvature monopole, i.e., a Weyl node, with a chiral charge of +1. Hence, on the surface, the closed loop encloses a projected Weyl node with a Chiral charge of +1. As a result, we know that the surface state (the green line) is a Fermi arc. corresponds to a cylindrical pipe that goes across the bulk BZ along the direction. Because the cylindrical pipe encloses the Weyl node, the bulk band structure on this pipe has a Chen number of +1. Therefore, the closed loop on the surface, which is the projection of the pipe, has one chiral edge state. This justifies the band structure along the loop shown in panel (B) .
We also prove the reverse logic:
the number of surface Fermi arcs → the number of chiral edge modes.
Now we assume that we know that the green line surface state is a Fermi arc, and we want to prove that the surface band structure along the closed loop will show as a chiral edge mode.
Because the green line is a Fermi arc, its termination points (the black and white dots in fig. S8A ) are two projected Weyl nodes. The closed loop (the dotted circle in fig. S8A ) on the surface, which corresponds to the projection of a cylindrical pipe in the bulk Brillouin zone ( fig. S8C ), encloses a projected Weyl node. Therefore, the cylindrical pipe encloses a Weyl node of a chiral charge of +1. Hence, the Chern number of the bulk band structure on this pipe is +1. As a result, the band structure along the closed loop, which is the edge of the pipe, should have one chiral edge state.
The above proof show that ``the number of chiral edge modes along the loop'' and ``the number of surface Fermi arcs'' are equivalent because we can derive one by assuming the other. Hence, we have proved the following:
The topological definitions presented above directly show us the way to demonstrate the existence of Fermi arcs in a topological sense.
Demonstration I: A Fermi arc can be shown by observing a surface state that is directly terminated onto a projected Weyl node (according to definition I).
Demonstration II: The existence of a Fermi arc can be shown by observing a nonzero number of chiral edge modes along a closed loop in the surface BZ (according to definition II).
( We show why the existence of Fermi arcs can be ill-defined. We directly take LaAlGe as the example. The two black arrows in fig. S9A , point to the electron and hole pockets that touch at a pair of type-II Weyl nodes (the W2 Weyl nodes). However, there exists an irrelevant trivial pocket at the = 0 plane (the red pancake-shaped pocket). As shown by the vertical dotted line in fig. S9 , the pair of W2 Weyl nodes and the irrelevant trivial pockets are projected onto the same region in the surface BZ. Indeed, fig. S9B shows the constant energy plot for the projected bulk band structure. We see that the projected W2 Weyl nodes are masked by the irrelevant pocket.
We explain why this condition makes the existence/observability of Fermi arcs in LaAlGe (on the natural cleavage plane) ill-defined. Definition II also becomes inapplicable for the following reasons: We need to first choose a closed loop that encloses one of the projected Weyl nodes and then show the existence of chiral edge state along the loop. Importantly, this whole argument (Chern number, chiral edge state, and essentially the quantum Hall physics) is based on the assumption that the projected bulk band structure along the chosen loop has a full energy gap. A chiral edge state is an edge state traversing the band gap. In the absence of a band gap, a chiral edge state is ill-defined. In the case of LaAlGe, fig. S9C shows the projected bulk band structure along Cut 1 as defined by the blue line in fig. S9B . We see that the energy gap at the points between the two Weyl nodes is completely masked by the irrelevant pocket. As a result, any closed loop that encloses only one of the projected W2 Weyl node (e.g., the black dotted circle in fig. S9B ) will NOT have a full projected gap. Therefore, the existence of Fermi arcs associated with the W2 nodes is ill-defined.
We note that the two topological ways of demonstrating Fermi arcs presented above do not depend on the details of the materials and their surface conditions. In other words, these are completely topological arguments.
By contrast, many other ARPES groups have been claiming the observation of Fermi arcs based on a qualitative agreement between theoretically calculated and experimentally measured surface state electronic structures (For example, ARPES papers on W1-xMoxTe2 (32-38)).
We explain why this is not as reliable as the topological arguments presented above:
(a) The details of surface electronic structure depend heavily on the surface conditions. For In fig. S11 , G and H, we show the calculated surface state spin polarization of the two cases. We see that, the surface states show clear spin polarization regardless of the ground states, and their spin textures in figs. S11,G and H look very similar. Therefore, the surface state spin polarization also cannot be regarded as a decisive proof of the existence of topological Fermi arcs.
We note that although the example in fig. S11 is about WTe2, the conclusion is applicable to other composition x of the W1-xMoxTe2 system. For any given composition, the W1-xMoxTe2 system can be tuned between the fully gapped trivial phase and the Weyl semimetal phase by changing its lattice constant c. Similarly, one will find that the surface Fermi surfaces of that composition are very similar at a qualitative level. Hence the data-calculation agreement on the surface Fermi surface cannot prove the existence of Fermi arcs for any composition of the W1-xMoxTe2 system.
(5) A detailed analysis of the W1-xMoxTe2 ARPES papers: Why these papers do not experimentally demonstrate the type-II Weyl fermions.
Here we provide a detailed analysis for why the W1-xMoxTe2 ARPES papers (32-38) do not show the type-II Weyl fermions and the type-II Weyl semimetal state.
1. W1-xMoxTe2 ARPES papers listed above tried to conclude Fermi arcs by showing a qualitative agreement between calculated and measured surface band structure. As we have shown above in figs. S10 and S11, such a method is not reliable. Moreover, the existence of Fermi arcs cannot distinguish between the type-I and type-II Weyl fermions.
2. Ref. (36) presented spin polarization measurements, which showed that the surface states are spin polarized. However, as we have shown above, the spin polarization and the spin texture are not a unique and unambiguous signature of the Fermi arcs (see fig. S11 ). Therefore, showing the surface spin polarization does not prove the existence of Fermi arcs. Moreover, the existence of Fermi arcs and their spin textures cannot distinguish between the type-I and type-II Weyl fermions.
3. Refs. (32, 37) showed laser ARPES data (ℎ ≈ 6 eV). The authors claimed that these data are in agreement with the type-II Weyl crossings. However, we emphasize that these data are significantly insufficient for an experimental demonstration of the type-II Weyl fermions, for the following important reasons:
3.1. In both works, the authors used a low and fixed photon energy (ℏ ≈ 6.7 eV in Ref.
(32) and ℏ ≈ 6 eV in Refs. (37)). The low photon energy is mostly surface sensitive. In terms of the bulk band, low photon energy can probe the projected bulk bands, meaning bulk bands that are integrated at all values. We emphasize that this is a very serious issue for demonstrating Weyl fermions.
3.2. We further note that, in both works, even the evidence for the projected crossing is fairly weak. Since the projected crossings are above the Fermi level, in both works, the authors divided their data by the Fermi-Dirac distribution to try to access above the Fermi level. However, this method makes the data significantly noisier. The data were marked by guides to the eye. Judging from the data quality, a clear projected crossing cannot be concluded by the data alone without the guides to the eye.
In fig. S12 , we show a side-by-side comparison of some main data-figures between our work and the two W1-xMoxTe2 works (32, 37) . Most crucially, the ARPES data on is W1-xMoxTe2 about a projected crossing in the projected band structure on surface. As explained above in fig. S6 , a projected band crossing does not prove the existence of a true band crossing in bulk band structure. In addition, the difference in data quality can be seen clearly. This is because the projected crossings in W1-xMoxTe2 are above the Fermi level and can only be accessed by normalizing the ARPES data by the Fermi-Dirac distribution. As seen from panels (B and C) , the signals above the Fermi level are noisy. It is difficult and unreliable to draw conclusions based on the data alone without guides to the eye. W1−xMoxTe2 works (32, 37) . Most crucially, the ARPES data on is W1-xMoxTe2 about a projected crossing in the projected band structure on surface. As explained above in fig. S6 , a projected band crossing does not prove the existence of a true band crossing in bulk band structure. In addition, the difference in data quality can be seen clearly. This is because the projected crossings in W1-xMoxTe2 are above the Fermi level and can only be accessed by normalizing the ARPES data by the Fermi-Dirac distribution. As it can be seen in panels (B and C), the signals above the Fermi level are noisy. It is difficult and unreliable to draw conclusions based on the data alone without guides to the eye. By contrast, only in our work, we directly measure the bulk band structure (with resolution) rather than their projections on the surface (without resolution) and
fig. S12. A side-by-side comparison of the main data figures between our work and the two
show that the two bands disperse linearly away from the crossing along all three directions, , and , which unambiguously and conclusively shows that the observed crossing is a true crossing point in the bulk band structure, a Weyl node.
section S6. Surface-state band structure of LaAlGe
We present the surface state band structure data measured by low-photon-energy ARPES in fig.   S13 . Figure S13B shows the measured Fermi surface and constant energy contour data at different binding energies of the (001) surface. We identify the following features in the Fermi surface: (1) We observe a big contour centered at the Γ ̅ point; (2) We observe a tadpole-shaped feature along each Γ ̅ − X ̅ (Y ̅ ) line. The head of the tadpole along the Γ ̅ − X ̅ direction is truncated by the big circle at the center; (3) We observe two small circular contours in the vicinity of each X ̅ point; (4) We observe an extended butterfly-shaped contour centered at the Y ̅ point. We find a reasonably good agreement between the ARPES measured ( fig. S13B ) and the calculated Fermi surfaces ( fig.   S13A ) Specifically, all the features found in the ARPES data are also seen in the calculation. We note that all features in calculations contain weakly-split double contours, but in ARPES the linewidth of the measured bands is not sharp enough to resolve the splitting. Fermi surface map near the W2 Weyl nodes.
As we have explained above, the existence/observability of the Fermi arcs associated with the W2
Weyl nodes is ill-defined. Here we present the following data and calculations related to this point. From the ARPES data, we can learn the following:
(1) In the projected bulk band structure, the W2 Weyl nodes are masked by the irrelevant pocket ( fig. S14A ). In fig. S14A , we superimpose the irrelevant bulk Fermi surface at = 0 (the orange color plot) onto the bulk Fermi surface at =W2 (the green color plot). We see that the W2
Weyl nodes are indeed masked by the irrelevant bulk Fermi surface at = 0. This data proves that the existence/observability of the Fermi arcs associated with the W2 Weyl nodes is illdefined, as we have emphasized above.
(2) The tadpole-shaped surface states do not go through the projected W2 nodes. In fig. S14B , we superimpose the bulk Fermi surface at =W2 (the orange color plot) onto the surface Fermi surface (the green color plot).
From the calculation, we can learn the following:
(1) In the projected bulk band structure, the W2 Weyl nodes are masked by the irrelevant pocket.
(2) The tadpole-shaped surface states do not go through the projected W2 nodes.
(3) Inside the head of the tadpole feature, we see very faint features in close vicinity of the W2 nodes. These features are weak because they overlap with projected bulk bands. Precisely speaking, at the points where the faint feature exists, the projected bulk band does not have a band gap (due to the irrelevant bulk band). At the top surface, their spectral weight is very small.
Their spectral weight is mainly localized at the second unit cell or deeper away from the surface (15 away from the top surface).
(4) We cannot define these faint features as surface states because of the lack of a projected band gap. For the same reason, we cannot demonstrate the existence of Fermi arcs. We show the existence of Fermi arc surface states associated with the W3' and the W3'' Weyl nodes based on the agreement between our ARPES data and calculations. Figure S15B shows the ARPES measured surface Fermi surface ( = = 0 ). The arrow points to the butterflyshaped surface states, which corresponds to the Fermi arc surface states associated with the W3' and W3'' Weyl nodes. The same feature was also found in the calculated surface Fermi surface ( fig. S15A ). In calculation, we know that the butterfly-shaped surface states are Fermi arcs. This is achieved by calculating the surface band structure directly at the energies of the W3' and W3''
Weyl nodes, which are 110 meV and 130 meV above the Fermi level, respectively, as shown in figs. S15, C and D and fig. S16 . Because our ARPES data and calculations agree with each other on the butterfly-shaped surface states at energies below the Fermi level and because from our calculation we know that the butterfly-shaped surface states are indeed the Fermi arcs (the actual arc behavior happens above the Fermi level because the W3'(W3'') Weyl nodes are above the Fermi level), we show the existence of Fermi arc surface states associated with the W3' and the W3'' Weyl nodes.
We note that the degree of robustness of this demonstration is the same as the ARPES works claiming observations of Fermi arcs in the W1-xMoxTe2 systems (32-38) because the conclusion is drawn based on the agreement between data and calculations. Note that in both cases, the actual arc behavior happens above the Fermi level because the Weyl nodes are above the Fermi level. In our case, the W3'(W3'') Weyl nodes are ~110 and 130 above the Fermi level, respectively. In W1-xMoxTe2, the Weyl nodes are 50 above the Fermi level.
section S9. Topological definition of Fermi arc surface states and its implications for surface states in LaAlGe and W1−xMoxTe2
We elaborate on why the type-II Weyl fermions in LaAlGe dominate the Berry curvature physics at the Fermi level. The Weyl (Berry curvature) physics include the negative longitudinal magneto-resistance due to the chiral anomaly, the nonlocal transport due to the chiral anomaly.
The Fermi surface of LaAlGe consists of (1) the type-II Weyl nodes are at the Fermi level with their associated electron and hole pockets, (2) the pockets arising from the other Weyl fermion cones whose Weyl node energies are far away from the Fermi level, and (3) irrelevant pockets.
The Berry curvature at the Fermi level is truly dominated by the type-II Weyl nodes are at the Fermi level because Weyl nodes are Berry curvature monopoles.
To demonstrate this point more quantitatively, in Fig. 4 of the main text, we have shown the calculated Berry curvature of the LaAlGe band structure. The color plots in figs. 4B and C show the Berry curvature magnitude in , space at the two different values. We note that figs.
4B and C consider the Berry curvature magnitude summed over contributions from a wide energy range. It can be seen that the Berry curvature is indeed dominated by the contribution from the Weyl nodes. By contrast, the trivial pocket at = 0 has no observable Berry curvature contribution. In order to understand the low-energy Berry curvature physics, which can be measured by certain transport experiments such as the negative longitudinal magneto-resistance, we need to know the Berry curvature in close vicinity of the Fermi energy. In figs. 4E and F, we show the Berry curvature magnitude again but only considering the contribution near the Fermi level within a ±10 window. We see that the Fermi pockets that arise from W1 and W3'(W3'')
Weyl cones (Fig. 4E ) do not carry observable Berry curvature. On the other hand, Fermi pockets that arise from the type-II Weyl cones (Fig. 4E) show strong Berry curvature in the vicinity of the W2 Weyl nodes. This is quite intuitive. Since the Weyl nodes are monopoles, the Berry curvature decays rapidly as 1/ 2 away from the energy of the node. Therefore, the Fermi pockets from W1 and W3'(W3'') Weyl cones show negligiblely small Berry curvature contribution. We prove that the type-II Weyl nodes dominate the low-energy Berry curvature physics, which dictates topological phenomena such as the negative longitudinal magneto-resistance and the nonlocal transport due to the chiral anomaly (10, 11).
